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    Appendix A
Literature Review

Suspension  systems  can  be  categorized  into  passive,  semi-active,
and  active  suspensions.  With  the  traditional  dampers  and  springs
installed  between  the  sprung  and  unsprung  masses,  passive
suspensions  have  been  found  unreliable  systems  to  simultaneously
provide the desired ride comfort and road-handling performances [1].
On  the  contrary,  although  semi-active  suspensions  have
demonstrated  considerable  improvements  over  the  passive  ones  by
taking  advantage  of  variable  dampers  and/or  other  variable
dissipation parts, some limitations still remain with their ride comfort
improvement  capabilities  [2],  [3].  In  contrast,  active  suspensions
equip the system with controlled actuators placed between the sprung
and unsprung masses capable of adding and dissipating energy from
the  system  in  the  case  of  necessity  to  achieve  specific  desired
performance objectives  [4].  Compared with passive and semi-active
suspensions,  the  mounted  actuators  help  the  active  suspensions
produce  active  control  force  to  impede  the  road-surface-arisen
vibrations  and  hence,  provide  simultaneous  ride  comfort  and  road-
handling performance [5], [6].
Although  active  suspensions  are  known  as  effective  systems  to

improve  the  vehicle  dynamics  performance,  achieving  the  desired
performance is yet a demanding issue to be handled. In this context,
an extensive range of conventional and advanced control techniques
have  been  developed  to  ensure  concurrent  passenger  comfort  and
road  handling  such  as  adaptive  control  strategies  [7],  [8],  adaptive
neural  network  output  feedback  optimized  control  [9],  fuzzy  logic
systems  control  methods  [10],  [11],  conventional  optimal  strategies
[12],  [13],  model  predictive  control  [14],  and  sliding  mode  control
strategies  [15],  [16].  Authors  in  [13]  developed  an  intelligent
proportional-derivative  (PD)  control  method  to  attenuate  the
vibrations caused by road disturbance. However, despite its superior
performance  over  linear  quadratic  regulator  (LQR)  and  active
disturbance rejection control,  it  has failed to fulfill  the requirements
for  ride  comfort,  showing  a  weak  body  displacement  attenuation
performance.  A  robust  sliding  mode  control  scheme  was  developed
in [16] to improve the ride quality and overcome road disturbances.
Although  the  method  has  been  reported  effective,  it  lacks  a  good
trade-off  between  passenger  comfort  and  vertical  displacement
decrement.  Authors  in  [7]  developed  an  adaptive  backstepping
control  to  cope  with  the  control  problem  of  active  suspension
systems.  Although  the  method  was  reported  to  deliver  a  desirable
passenger  ride  comfort,  it  failed  to  provide  a  good  road  holding
capability.  Another  work [8]  investigated an adaptive backstepping-
based  control  strategy  to  improve  vehicle  ride  comfort  with
mechanical  elastic  wheels.  However,  although  the  control  method
was  reported  effective,  the  improvements  were  limited,  and  more
efforts are yet to be done to achieve the desired ride comfort and road
handling. Therefore, since the ride comfort and safety constraints on
a  suspension  system  are  conflicting,  improving  the  former  leads  to
the  latter's  degradation,  negatively  affecting  the  chassis  layout,  and
then  deteriorates  vehicle  handling  stability.  Hence,  it  is  not
straightforward to make a  trade-off  between the two objectives as  a
comfort-oriented suspension should have low damping of the sprung
mass  to  provide  satisfactory  isolation.  Accordingly,  developing
effective control strategies capable of simultaneous guaranteeing ride
comfort,  road  holding,  and  suspension  safety  is  still  a  challenging
and interesting issue to be investigated.
Adaptive control strategies are developed to deal with systems with

uncertain and/or time-varying parameters by employing a control law

whose  parameters  are  tuned  to  match  the  reference  system  under
control.  Amongst  the  adaptive  control  approaches,  model  reference
adaptive control (MRAC) provides an efficient design procedure by a
well-defined  reference  system  to  be  followed.  Benefiting  from  a
well-established mathematical  proof of stability,  the MRAC scheme
compares the system’s output  with a stabilized reference model and
regulates the controller’s parameters to stabilize the overall dynamics
of  a  feedback  control  system [17],  [18].  Motivated  by  the  desirable
performance of the MRAC approach, various literature studies have
investigated its performance in diverse linear and nonlinear practical
systems [19]–[21]. An MRAC-based control scheme was proposed in
[19]  for  control  of  surface-installed  permanent  magnet  synchronous
motor drives. The investigated method comprised an adaptive control
term to compensate the uncertain model parameters and a stabilizing
feedback control term to asymptotically stabilize the error dynamics.
As  the  authors  reported,  the  proposed  paradigm  outperformed  the
non-adaptive  model  reference  control  method  in  terms  of  transient
response,  tracking  precision,  and  robustness  against  parameter
uncertainties.  Authors  in  [20]  developed  an  initialized  MRAC
scheme  to  deal  with  the  angular  position  control  of  a  lower  limb
exoskeleton  system.  Compared  to  the  conventional  MRAC,  the
developed  method  was  reported  to  deliver  superior  convergence
speed  and  error  mitigation  performance.  A  predictive  optimization-
based  MRAC scheme was  proposed  in  [21]  to  dynamic  positioning
of  an  actuated  underwater  vehicle.  As  the  authors  reported  through
comparative investigations with conventional linear reference model-
based  methods,  the  investigated  approach  demonstrated  superior
performance under dynamic uncertainties and actuator saturations in
the system.  

Appendix B
Stability Analysis

To  investigate  the  closed-loop  stability,  let  us  consider  the
following Lyapunov function candidate:
 

V (t) = eT (t) Pe (t)+
1
2

tr
[
Ψ̃T

1 M−1Ψ̃1
]
+

1
2

tr
[
Ψ̃T

eqM−1Ψ̃eq
]

(1)

P ∈ ℜn×n tr [·]where    is  a  positive  definite  symmetric  matrix  and 
denotes the trace of the matrix.

Q ∈ ℜm×mA positive definite matrix   can be defined such that
 

M = Ψ∗eqQ =
(
Ψ∗eqQ

)T
= QTΨ∗Teq > 0. (2)

Ψ∗eq = Ψ
∗
2+Ψ

∗
cwhere  .

Differentiating (1) with respect to time yields
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+ tr
[ ˙̃ΨT

1 M−1Ψ̃1
]
+ tr
[ ˙̃ΨT

eqM−1Ψ̃eq
]
. (3)

ė (t) = Are (t)+BΨ̃T
1 Γ (t)+BΨ̃eqυr (t)Substituting    into  (3),  we

have
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(4)
Equation (4) can be rewritten in the following form:
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(
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r P+PAr
)
e (t)+2eT (t) PBΨ̃1Γ (t)

+2eT (t) PBΨ̃eqυr (t)+ tr
[ ˙̃ΨT

1 M−1Ψ̃1
]
+ tr
[ ˙̃ΨT

eqM−1Ψ̃eq
]
.

(5)
AT
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definite matrix, yields
 

V̇ (t) = − eT (t) Le (t)+2eT (t) PBΨ̃1Γ (t)+2eT (t) PBΨ̃eqυr (t)

+ tr
[ ˙̃ΨT
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]
+ tr
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eqM−1Ψ̃eq
]
. (6)

−eT (t) Le (t)
V̇ (t) ≤ 0

Since L  is  positive  definite,    is  always  non-positive.
As a result, to realize   indicating the stability of the closed-
loop system, the following relationships must be established:
 

tr
[ ˙̃ΨT

1 M−1Ψ̃1
]
= −2eT (t) PBΨ̃1Γ (t) (7a)

 

tr
[ ˙̃ΨT

eqM−1Ψ̃eq
]
= −2eT (t) PBΨ̃eqυr (t) . (7b)

Considering  the  foregoing  compatibility  conditions,  the  following
regulation rules can be derived:
 

˙̃Ψ1 = −2QT BrPe (t)ΓT (t) (8a)
 

˙̃Ψeq = −2QT BT
r Pe (t)υT

r (t) . (8b)
υa (t)

J = υ2 (t) = (υa (t)+υc (t))2 υ
opt
c

Considering  ,  the  optimization  problem  with  the  index
 has the following solution  :

 

υ
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J
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)

υc (t) = υ+
υc (t) = υ− υ (t)
where   and   represent the values of J for   and

, respectively. Accordingly, the controller   guarantees
that the tracking error tends to zero with minimized control cost. ■  

Appendix C
T-MRAC Design for the Quarter-Car Suspension System
Let  us  consider  the  following  quarter-car  suspension  reference

model for the T-MRAC design:
 

Γ̇r (t) = ArΓr (t)+Br1υr (t)+Br2żr

= AΓ (t)+B1 fa+B2żr (10)
B1 ∈ ℜn×1 B2 ∈ ℜn×1where  and  .

e (t) = Γ (t)−Γr (t)Defining  , the dynamic equation of error can be
described as
 

ė (t) = AΓ (t)+B1 fa+B2żr −ArΓr (t)−Br1υr (t)−Br2żr. (11)
Br2 = B2 Br1 = B1Ψ

∗
cAssuming   and   we have
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∗T
1

)
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∗T
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υr (t) = r (t)+υc (t)Considering  , (12) can be rewritten as
 

ė (t) = Are (t)−B1Ψ
∗T
1 Γ (t)+B1 fa−Br1r (t)−Br1υc (t) . (13)

fa fa (t) = υa (t)+υc (t)If  the control  law    is  adopted as  ,  then we
have
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∗T
1 Γ (t)+B1υa (t)+B1υc (t)
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∗
cr (t)−B1Ψ

∗
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Φ (t) =
[
Γ (t) r (t)

]T ∈ ℜ(n+m)×1Defining   yields
 

ė (t) = Are (t)+B1
[
υa (t)−Ψ∗TΦ (t)−Ψ∗cυc (t)

]
(15)

Ψ∗T =
[
Ψ∗T1 Ψ∗c

]
∈ ℜm×(n+m)where  .

It  is  noteworthy that  the Lyapunov-based stability analysis can be
achieved with the same procedure as stated in Appendix B.  

Appendix D
Considered Road Profiles

Three  different  road  profiles  are  considered  in  this  study  to
simulate  different  practical  road  situations,  namely  the  bump-dip
road,  random  road,  and  sinusoidal  profiles.  Simulations  are  carried
out  using  MATLAB R2020a  64-bit,  on  a  ASUS  laptop  with  64-bit
win10  operating  system,  processor:  Intel®  coreTM  i7-8550U  CPU

2.50 GHz, and 8.00 GB installed memory.  

A.  Bump-Dip Road
The considered bump-dip road profile shown in Fig. 1 is  given as

follows [22]:
 

zr =
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1 +0.1332t2

1 +d (t) , 3.5 ≤ t < 5
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where    represents  a  perio-
dic  disturbance,  and  ,  ,  ,  and

.
 

0 5 10 15

0.10

0.05

0

–0.05

–0.10R
o
ad

 d
is

p
la

ce
m

en
t 
z
r
 (

m
)

Time (s)Time (s)
0 5 10 15

0.10

0

–0.10

R
o
ad

 d
is

p
la

ce
m

en
t 

ra
te

 z
r
 (

m
/s

)

 
Fig. 1.     The bump-dip road profile.  

B.  Random Road
Using the shaping filter method [23], a class C random road profile

as  per  the  international  organization  for  standardization  (ISO) 8608
[24] is considered as shown in Fig. 2.
 

żr = −δVzr +ϖ (17)

Ψϖ = 2δVσ2

V = 30
δ = 16×10−6 σ = 8×10−3

where V  denotes  the  vehicle  speed  and ϖ  is  a  white  noise  process
with spectral  density    (see [23] for  more details).  The
vehicle  is  assumed  to  run  at  a  constant  speed    [m/s],  and

 [m3] and   [m] are considered [23].  

C.  Sinusoidal Road
The  sinusoidal  waveform  (Fig. 3)  is  considered  as  the  third  road

profile as follows: 

zr =

n∑
i=1

Aisin(2πΩit+ϕi) (18)

Ai Ωi ϕi
n = 2

ϕi = 0 Ω1,2 = {1,10} A1,2 = {0.05,0.005}

where   is the amplitude,   represents the wave number, and   is
the  phase.  The  road  surface  parameters  are  considered  as  ,

,   [Hz], and   [m].  

Appendix E
More Performance Analysis

Θ (t)

In  order  to  have  a  more  detailed  substantiation  on  the  suspension
performance of the proposed T-MRAC scheme, the root mean square
(RMS)  values  of  the  suspension  system  dynamic  output  are
investigated  as  a  quantitative  index  reflecting  the  extent  of
improvements being made. Since this index directly relates to riding
comfort,  it  can  be  counted  as  a  good  benchmark  to  measure  the
suspension  performance.  The  RMS  value  for  a  typical  signal 
can be calculated as
 

RMSΘ(t) =

( 1
N

w N

0
Θ2 (t)dt

) 1
2

(19)

where N denotes the simulation time.
Table I  lists  the  RMS values  of  the  sprung  vertical  displacement,

sprung  vertical  speed,  and  actuator  force  obtained  under  different
road profiles.  From Table I,  it  can be observed that the proposed T-
MRAC  approach  effectively  improves  the  ride  comfort  quality  and
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reduces  the  road  disturbance  with  less  actuator  force  compared  to
that of MRAC and SMC approaches. The numerical results in Table I
alongside  the  preceding  results,  indicate  the  effectiveness  of  the
developed approach and illustrate its superior control performance.
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Fig. 2.     The class C random road profile.
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Fig. 3.     The Sinusoidal road profile.
 

 

TABLE I 

RMS Values For Different Road Profiles; A Summary of
Results

Road type γ1 γ3 Actuator force

Case 1

MRAC 0.0229 0.0082 473.5629

SMC 0.0082 0.0026 435.6792

T-MRAC 473.5629 0.0017 388.8987

Case 2

MRAC 3.9580e-04 0.0052 48.9743

SMC 3.1634e-05 0.0048 42.1380

T-MRAC 1.5925e-05 0.0028 23.6611

Case 3

MRAC 0.0067 0.0877 847.2614

SMC 5.8270e-04 0.0299 661.4036

T-MRAC 2.8882e-04 0.0149 625.3379
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