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Since the rewards are newly designed, the convergence of the critical neural network needs to be
proven. Once the error of the critical neural network converges, the Bellman Optimality Equation
can be applied, ensuring the feasibility and convergence of the solution to Problem 1.
Specifically, to approach the cumulative reward Rt

i, the goal of the critic network Qπ
i is to minimize

the sum of square loss L(εi), between the critic network output Q̂i and Rt
i, i.e., L(εi) = min

εi
E[(Q̂i−

Ri)
2]. Thus, the gradient of critic networks ∇εiL(εi) is calculated by

∇εiL(εi) = E[(Qπ
i (s, a1,...,Ni)− y) · ∇εiQ

π
i (s, a1,...,Ni)], (1)

where y = rti + γQπ
i (s

t+1, at+1
1,...,N |at+1

i =πi(oi)
), which is an approximate value calculated by the tem-

poral difference (TD).

Theorem : For an the learning process of critic networks by εk+1
i = εki − αc∇εiL(εi), where αc is

the critic networks’ learning rate. Assuming that the time interval ∆t is constant, the parameters
εki of each defender asymptotically converges to the optimum value ε∗i = argmin

ϵi
E[(Q̂i−Ri)

2] with

iteration index k → ∞, if the learning rate αc satisfies
0 < αc < 2. (2)

In other words, the error of the critical neural network can converge.
Proof. For defender i, denote the critic network output Q̂k

i (x) by Q̂k
i (x) = (εki )

⊤ϕ(x), where x is
the critic network input, including the states s and the actions a of all the defenders Vd, and

ϕ(x) =
ex − e−x

ex + e−x
(3)

is the hyperbolic activation function of critic networks. For conciseness, we omit the symbol ‘(x)’ in
the following context. The error eki between the reward prediction Q̂k

i and the real reward Ri writes

eki = Q̂k − Ri, L
k
i =

1

2

(
eki

)2
, where Lk

i is the square loss for obtaining gradients. To minimize Lk
i ,

εki is updated by

εk+1
i = εki − αc∂L

k
i /∂ε

k
i = εki − αce

k
i , (4)

where αc is the learning rate of critic networks, and αc ≥ 0. then the error of the parameters εki
can be expressed as εki = εki − ε∗i . Thus, one has εk+1

i = εki − αce
k
i ϕ. Now, design a discrete-time

Lyapunov candidate as V (k) = (εki )
⊤εki , whose difference writes:

∆V (k) = V (k + 1)− V (k)

= (εk+1
i )⊤εk+1

i − (εki )
⊤εki

= [(εki )
⊤ − αcϕ

⊤(eki )
⊤
](εki − αce

k
i ϕ)− (εki )

⊤(εki )

=−αcϕ
⊤(eki )

⊤εki − αc(ε
k
i )

⊤eki ϕ+ α2
c(e

k
i ϕ)

⊤eki ϕ

=−αcϕ
⊤(eki )

⊤(εki − ε∗i )− αc(ε
k
i − ε∗i )

⊤eki ϕ

+α2
c∥eki ∥2 ∥ϕ∥

2

=αc∥eki ∥
2 (−2 + αc∥ϕ∥2

)
. (5)

According to (2) and (3), one has −2+αc∥ϕ∥2 < 0, and hence ∆V < 0, implying that εki asymptot-
ically converges to ε∗i . The error of the critical neural network can converge to 0, which completes
the proof. ■

1


