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Appendix
Proof of Theorem 1

ξ̌i = x̄1
i −Hiyi− x̌1

i , i ∈ VFProof: Denote .  Combining  (4a)
with (5a) gives
 

˙̌ξi = (Ǎ11
i +HiǍ21

i )ξ̌i. (12)

Ǎ11
i +HiǍ21

i limt→∞(x̄1
i −Hiyi) =

x̌1
i limt→∞ x̂i = xi

limt→∞(ζ̄1
ϵ −Hyϵ) = x̌1

ϵ limt→∞ ζϵ = xϵ
(ζ̄1
ϵ −Hyϵ − x̌1

ϵ ) ξi

Since  is  Hurwitz,  one  has 
.  It  is  further  obtained  that .  Similarly,  we

have  and . By noting that
(8), it is easy to find that  is decoupled from .
Therefore,  the  global  convergence  of  (8)  is  equivalent  to  the
global convergence of the following system:
 

ξ̇i = Ãξi−Γ
( M∑

j=1

ςi j|wϱ(t)
i j |ŷi j+ςib

ϱ(t)
i

M+N∑
ϵ=M+1

ŷiϵ
)
. (13)

The Lyapunov function candidate is constructed as
 

V =W +
δ

2

M∑
i=1

M∑
j=1

Υi j+
δ

2

M∑
i=1

M+N∑
ϵ=M+1

Υiϵ (14)

W = (1/2)
∑M

i=1 ξ
T
i Pξi +

∑M
i=1
∑M

j=1(ςi j − δ)2/(8κi j) +∑N
i=1(ςi−δ)2/(4κi) δ =maxi, j∈VF {4/λ̄min,1/ρi j, 1/ρi}

λ̄min

Lϱ(t)
1 , ϱ(t) ∈ Ξ

where 
 with   and

 being  the  minimum  nonzero  eigenvalue  of  all  possible
. According to (6a) and (7a), it is easy to obtain

that
 

Υ̇i j ≥ −(σ̃i jνi j+ σ̄i j)Υi j. (15)

Using the comparison lemma gives
 

Υi j ≥ e−(σ̃i jνi j+σ̄i j)tΥi j(0) > 0. (16)

Υiϵ > 0Similarly, one has . Obviously, V is positive definite.
ϱ(t) = sWhen , combining (13) with (14) gives

 

Ẇ =
M∑

i=1

ξT
i PÃξi−

M∑
i=1

ξT
i PΓ
( M∑

j=1

ςi j|ws
i j|ŷi j+ςibs

i

M+N∑
ϵ=M+1

ŷiϵ
)

+

M∑
i=1

M∑
j=1

ςi j−δ
4κi j

ς̇i j+

M∑
i=1

ςi−δ
2κi

ς̇i. (17)

êi j = ei j− sgn(wi j)e ji êiϵ = eiϵ −dieϵDenote  and .  In  light  to
the Young’s inequality, we have 

−
M∑

i=1

ξT
i PΓ

M∑
j=1

ςi j|ws
i j|ŷi j

= −1
2

M∑
i=1

M∑
j=1

ςi j|ws
i j|(ŷi j− êi j)T ŷi j

≤ −1
4

M∑
i=1

M∑
j=1

ςi j|ws
i j|∥ŷi j∥2+

1
4

M∑
i=1

M∑
j=1

ςi j|ws
i j|∥êi j∥2

≤ −1
4

M∑
i=1

M∑
j=1

ςi j|ws
i j|∥ŷi j∥2+

M∑
i=1

M∑
j=1

ςi j|ws
i j|∥ei j∥2 (18)

and
 

−
M∑

i=1

ξT
i PΓςibs

i

M+N∑
ϵ=M+1

ŷiϵ

= − 1
N

M∑
i=1

ςibs
i

( M+N∑
ϵ̃=M+1

(ŷiϵ̃ − êiϵ̃)
)T M+N∑

ϵ=M+1

ŷiϵ

≤ − 1
2N

M∑
i=1

ςibs
i ∥

M+N∑
ϵ=M+1

ŷiϵ∥2+
1

2N

M∑
i=1

ςibs
i ∥

M+N∑
ϵ=M+1

êiϵ∥2

≤ − 1
2N

M∑
i=1

ςibs
i ∥

M+N∑
ϵ=M+1

ŷiϵ∥2+
M∑

i=1

M+N∑
ϵ=M+1

ςibs
i ∥eiϵ∥2

+

M∑
i=1

M+N∑
ϵ=M+1

ςibs
i ∥eϵ∥2 (19)

C̃ξi− sgn(wi j)C̃ξ j = ŷi j−
êi j, PΓ = C̃T , ςi j = ς ji C̃ξi = (1/N)

∑M+N
ϵ=M+1(ŷiϵ − êiϵ)

where  we  have  used  the  facts  that 
 and .  It

follows from (5d) and (5e) that:
 

M∑
i=1

M∑
j=1

ςi j−δ
4κi j

ς̇i j

=

M∑
i=1

M∑
j=1

ςi j−δ
4
|ws

i j|∥ŷi j∥2−
M∑

i=1

M∑
j=1

ςi j−δ
4

ιi jςi j

≤
M∑

i=1

M∑
j=1

ςi j−δ
4
|ws

i j|∥ŷi j∥2−
M∑

i=1

M∑
j=1

ιi j

8
(ςi j−δ)2

+

M∑
i=1

M∑
j=1

ιi j

8
δ2 (20)

and
 



M∑
i=1

ςi−δ
2κi

ς̇i

=

M∑
i=1

ςi−δ
2N

bs
i ∥

M+N∑
ϵ=M+1

ŷiϵ∥2−
M∑

i=1

ςi−δ
2

ιiςi

≤
M∑

i=1

ςi−δ
2N

bs
i ∥

M+N∑
ϵ=M+1

ŷiϵ∥2−
M∑

i=1

ιi
4

(ςi−δ)2+

M∑
i=1

ιi
4
δ2.

(21)

Note that
 

−
M∑

i=1

M∑
j=1

|ws
i j|∥ŷi j∥2

= −
M∑

i=1

M∑
j=1

|ws
i j|∥C̃ξi− sgn(wi j)C̃ξ j∥2−

M∑
i=1

M∑
j=1

|ws
i j|∥êi j∥2

−2
M∑

i=1

M∑
j=1

|ws
i j|(C̃ξi− sgn(wi j)C̃ξ j)T êi j

≤ −1
2

M∑
i=1

M∑
j=1

|ws
i j|∥C̃ξi− sgn(wi j)C̃ξ j∥2

+4
M∑

i=1

M∑
j=1

|ws
i j|∥ei j∥2 (22)

 

−
M∑

i=1

bs
i ∥

M+N∑
ϵ=M+1

ŷiϵ∥2

= −N2
M∑

i=1

bs
i ∥C̃ξi∥2−

M∑
i=1

bs
i ∥

M+N∑
ϵ=M+1

êiϵ∥2

−2N
M∑

i=1

bs
i (C̃ξi)T

M+N∑
ϵ=M+1

êiϵ

≤ −N2

2

M∑
i=1

bs
i ∥C̃ξi∥2+2N

M∑
i=1

M+N∑
ϵ=M+1

bs
i ∥eiϵ∥2

+2N
M∑

i=1

M+N∑
ϵ=M+1

bs
i ∥eϵ∥2 (23)

and
 

1
2

M∑
i=1

M∑
j=1

|ws
i j|∥C̃ξi− sgn(wi j)C̃ξ j∥2+N

M∑
i=1

bs
i ∥C̃ξi∥2

= ξT (Ls
1⊗ C̃T C̃)ξ. (24)

Substituting (18)–(24) into (17) yields
 

Ẇ ≤ 1
2
ξT (IM ⊗ (PÃ+ ÃT P)− δ

4
Ls

1⊗ C̃T C̃)ξ

+
δ

2

M∑
i=1

M∑
j=1

(
(1+

2
δ
ςi j)|ws

i j|∥ei j∥2−
1
4
|ws

i j|∥ŷi j∥2
)

 

+
δ

2

M∑
i=1

M+N∑
ϵ=M+1

(
(1+

2
δ
ςi)bs

i ∥eiϵ∥2−
1
2

bs
i ∥ŷiϵ∥2

)

+
δ

2

M∑
i=1

M+N∑
ϵ=M+1

(1+
2
δ
ςi)bs

i ∥eϵ∥2

−
M∑

i=1

M∑
j=1

ιi j

8
(ςi j−δ)2−

M∑
i=1

ιi
4

(ςi−δ)2+π (25)

π =
∑M

i=1
∑M

j=1(ιi j/8)δ2+
∑M

i=1(ιi/4)δ2where .

δ ≥maxi, j∈VF {1/ρi j,1/ρi}
By  noting  that  the  triggering  functions  (7)  and

, combining (14) with (25) gives
 

V̇ ≤ 1
2
ξT (IM ⊗ (PÃ+ ÃT P)− δ

4
Ls

1⊗ C̃T C̃)ξ

+
δ

2

M∑
i=1

M∑
j=1

(1− σ̃i j)
(
(1+2ρi jςi j)|ws

i j|∥ei j∥2

− 1
4
|ws

i j|∥ŷi j∥2
)

+
δ

2

M∑
i=1

M+N∑
ϵ=M+1

(1− σ̃iϵ)
(
(1+2ρiςi)bs

i ∥eiϵ∥2

− 1
2

bs
i ∥ŷiϵ∥2

)
+
δ

2

M∑
i=1

M+N∑
ϵ=M+1

(1+2ρiςi)bs
i ∥eϵ∥2

+
δ

2

M∑
i=1

M∑
j=1

σ̃i jµ̃i je−µ̄i jt − δ
2

M∑
i=1

M∑
j=1

σ̄i jΥi j

+
δ

2

M∑
i=1

M+N∑
ϵ=M+1

σ̃iϵ µ̃iϵe−µ̄iϵ t − δ
2

M∑
i=1

M+N∑
ϵ=M+1

σ̄iϵΥiϵ

−
M∑

i=1

M∑
j=1

ιi j

8
(ςi j−δ)2−

M∑
i=1

ιi
4

(ςi−δ)2+π

≤ 1
2
ξT
(
IM ⊗ (PÃ+ ÃT P)− δ

4
Ls

1⊗ C̃T C̃
)
ξ

+
δ

2

M∑
i=1

M∑
j=1

(
(1− σ̃i j)νi j− σ̄i j

)
Υi j

+
δ

2

M∑
i=1

M+N∑
ϵ=M+1

(
(1− σ̃iϵ)νiϵ − σ̄iϵ

)
Υiϵ

−
M∑

i=1

M∑
j=1

ιi j

8
(ςi j−δ)2−

M∑
i=1

ιi
4

(ςi−δ)2

+π+
δ

2
µ̃e−µ̄t (26)

µ̃e−µ̄t=max{∑M
i=1
∑M

j=1 µ̃i je−µ̄i jt+
∑M

i=1
∑M+N
ϵ=M+1 µ̃iϵe−µ̄iϵ t+∑M

i=1
∑M+N
ϵ=M+1(1+2ρiςi)bs

i µ̃ϵe
−µ̄ϵ t}

where  
.

At this point, the following two cases are considered.
s ∈ Ξ11) . In this case, one has

 



V̇ ≤ − c1V − 1
2

(1− c1λmax(P))∥ξ∥2

− δ
2

M∑
i=1

M∑
j=1

(
σ̄i j− (1− σ̃i j)νi j− c1

)
Υi j

− δ
2

M∑
i=1

M+N∑
ϵ=M+1

(
σ̄iϵ − (1− σ̃iϵ)νiϵ − c1

)
Υiϵ

−
M∑

i=1

M∑
j=1

1
8

(ιi j−
c1

κi j
)(ςi j−δ)2

−
M∑

i=1

1
4

(ιi−
c1

κi
)(ςi−δ)2+π+

δ

2
µ̃e−µ̄t

≤ − c1V − 1
2

(1− c1λmax(P))∥ξ∥2+π+ δ
2
µ̃e−µ̄t (27)

L1 > 0, δ ≥ 4/λ̄min,

mini, j∈VF {ιi jκi j, ιiκi} < 1/λmax(P), c1 =

mini, j∈VF ,ϵ∈VL {ιi jκi j, ιiκi, σ̄i j−(1−σ̃i j)νi j, σ̄iϵ − (1− σ̃iϵ)νiϵ}

where  we  have  used  the  facts  that  P is
the  solution  of  (10),  

.
s ∈ Ξ22) . In this case, one has

 

V̇ ≤ c2V − 1
2

(c2λmin(P)−λmax(PÃ+ ÃT P))∥ξ∥2

− δ
2

M∑
i=1

M∑
j=1

(
σ̄i j− (1− σ̃i j)νi j+ c2

)
Υi j

− δ
2

M∑
i=1

M+N∑
ϵ=M+1

(
σ̄iϵ − (1− σ̃iϵ)νiϵ + c2

)
Υiϵ

− 1
8

M∑
i=1

M∑
j=1

(ιi j+
c2

κi j
)(ςi j−δ)2

− 1
4

M∑
i=1

(ιi+
c2

κi
)(ςi−δ)2+π+

δ

2
µ̃e−µ̄t

≤ c2V − 1
2

(c2λmin(P)−λmax(PÃ+ ÃT P))∥ξ∥2

+π+
δ

2
µ̃e−µ̄t (28)

L1 ≥ 0 c2 > λmax(PÃ+
ÃT P)/λmin(P)
where we have used the facts that  and 

.

∥ξ∥2 ≥ 2π/π̃ V̇ ≤ cV + (δ/2)µ̃e−µ̄t π̃ =min{1−
c1λmax(P), c2λmin(P)−λmax(PÃ+ ÃT P)} c = −c1 s ∈ Ξ1

c = c2 s ∈ Ξ2
Vϱ(tk̃) = Vϱ(tk̃+1)

For  above  two  cases,  it  is  not  hard  to  find  that  if
,  we have ,  where 

, and  if 
and  if .  Furthermore,  it  follows  from  (14)  that

. Thus, applying the comparison lemma gives
 

V ≤ ec(t−t0)V(t0)+
δ

2
µ̃
w t

t0
ec(t−τ)e−µ̄τdτ

= e−c1T+(t0,t)+c2T−(t0,t)V(t0)

+
δ

2
µ̃
w t

t0
e−c1T+(τ,t)+c2T−(τ,t)e−µ̄τdτ. (29)

Note that (11) can be converted to
 

−c1T+(t0, t)+ c2T−(t0, t) ≤ −c∗(t− t0). (30)
Substituting (30) into (29) gives 

V ≤ e−c∗(t−t0)V(t0)+
δ

2
µ̃
w t

t0
e−c∗(t−τ)e−µ̄τdτ

= e−c∗(t−t0)V(t0)+
δ

2
µ̃∆(t) (31)

∆(t)where  is defined as
 

∆(t) =


e−c∗t(t− t0), if c∗ = µ̄

1
c∗− µ̄ (e−µ̄t − e(c∗−µ̄)t0e−c∗t), if c∗ , µ̄.

(32)

ςi j ςi

At this point, in light of (14), it is not hard to conclude that
 and  are uniformly ultimately bounded, and

 

lim
t→∞
∥ξ∥2 ≤ 2π

π̃
. (33)

ψi = xi− C̄i fi−diΠi
∑M+N
ϵ=M+1(1/N)xϵ , i ∈ VFDenote .  Using

(1), (2), (5f) and some existing knowledge gives
 

ψ̇i = (Ai+BiE1i)ψi+BiE2iξi

+BiE1i(x̂i− xi)+BiE2idi

M+N∑
ϵ=M+1

1
N

(ζϵ − xϵ)

+AiC̄i fi− C̄i ḟi+Bizi. (34)
According to Step 1 and Step 2 in Algorithm 1, it is not hard

to verify that
 

lim
t→∞

(AiC̄i fi− C̄i ḟi+Bizi) = 0ni . (35)

Ai+BiE1i limt→∞ ∥ξ∥2 ≤ 2π/π̃,
limt→∞ x̂i = xi limt→∞ ζϵ = xϵ

By  noting  that  is  Hurwitz, 
 and , it follows from (34) that:

 

lim
t→∞
∥ψi∥2 ≤

2π∥P̃iBiE2i∥2
π̃

(36)

P̃i ∈ Rni×ni > 0where  is the solution of the following equation:
 

P̃i(Ai+BiE1i)+ (Ai+BiE1i)T P̃i+2Ini = 0ni . (37)
It can be further obtained that

 

lim
t→∞
∥yi(t)− fi(t)−di

M+N∑
ϵ=M+1

1
N

yϵ(t)∥

≤ ∥Ci∥∥P̃iBiE2i∥
√

2π
π̃

(38)

which indicates the MASs (1) achieve BTVOFT.

(i, j)

Next,  we  will  present  that  no  agents  exhibit  the  Zeno
behavior. Firstly, the proof of ruling out the Zeno behavior for
the  edge  is  given.  The  following  four  cases  are
considered.

ti j
k ti j

k+1 Ωi j(t) ≥ 0

ẽi j = eÃ(t−ti j
k )ζi(t

i j
k )− ζi, t ∈ [ti j

k , t
i j
k+1)

1)  Both  and  are  determined  by .  Denote
. Using (5c) gives

 

˙̃ei j = Ãẽi j+Γ
( M∑

j=1

ςi j|wϱ(t)
i j |ŷi j+ςib

ϱ(t)
i

M+N∑
ϵ=M+1

ŷiϵ
)
. (39)

Γ
(∑M

j=1 ςi j|wϱ(t)
i j |ŷi j+ςib

ϱ(t)
i
∑M+N
ϵ=M+1 ŷiϵ

)According  to  some  knowledge  mentioned  above,  it  is  not
hard  to  find  that  is
bounded. It follows from (39) that:
 

d∥ẽi j∥
dt
≤ ∥ ˙̃ei j∥ ≤ ∥Ã∥∥ẽi j∥+Λi (40)



Λi Γ
(∑M

j=1 ςi j|wϱ(t)
i j |ŷi j+

ςib
ϱ(t)
i
∑M+N
ϵ=M+1 ŷiϵ

)where  represents  the  upper  bound  of 
. In light of the comparison lemma, we have

 

∥ẽi j∥ ≤
Λi

∥Ã∥
(e∥Ã∥(t−ti j

k )−1) (41)

ẽi j(t
i j
k ) = 0where we have used the fact that . It can be further

obtained that
 

∥ei j∥ ≤ ∥C̃∥∥ẽi j∥ ≤
∥C̃∥Λi

∥Ã∥
(e∥Ã∥(t−ti j

k )−1). (42)

Ωi j(t) ≤ 0
Moreover,  it  is  not  hard  to  verify  that  the  event-triggered

function (7a) satisfies  if
 

∥ei j∥ ≤
√√

µ̃i je−µ̄i jt + νi jΥi j

(1+2ρi jςi j)|wϱ(t)
i j |

. (43)

Combining (42) and (43) gives
 

ti j
k+1− ti j

k ≥
1
∥Ã∥

ln

1+ |Ã∥
∥C̃∥Λi

√√
µ̃i je−µ̄i jt + νi jΥi j

(1+2ρi jςi j)|wϱ(t)
i j |

 . (44)

Note  that  the  right-hand-side  of  (44)  always  exists  and  is
strictly positive for any finite time.

ti j
k ti j

k+1 wϱ(t)
i j , w

ϱ(ti j
k )

i j

ti j
k+1− ti j

k

2)  Both  and  are  determined  by .  Since
the  switching  time  intervals  are  non-vanishing,  is
strictly positive.

ti j
k wϱ(t)

i j , w
ϱ(ti j

k )
i j ti j

k+1

Ωi j(t) ≥ 0 ei j(t
i j
k ) = 0 1)

3)  is  determined  by  and  is  determined
by . Since , the proof is similar to case .

ti j
k Ωi j(t) ≥ 0 ti j

k+1

wϱ(t)
i j , w

ϱ(ti j
k )

i j 2) 3)

ti j
k Ωi j(t) ≥ 0

4)  is  determined by  and  is  determined by

.  According  to  case  and  case ,  one  can  see
that  even  if  the  communication  network  is  switched
immediately after  determined by ,  the  event  will
not  be  triggered  immediately  again.  Thus,  this  case  does  not
exhibit the Zeno behavior.

(i, j)
(i, ϵ)

Combining above four cases, the Zeno behavior for the edge
 is  ruled  out.  Similarly,  the  Zeno  behavior  for  the  edge
 and leaders can also be ruled out. The details are skipped

for brevity. ■
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